Quantum state tomography via local measurements is an efficient tool for characterizing quantum states. However it requires that the original global state be uniquely determined (UD) by its local reduced density matrices (RDMs). In this work we demonstrate for the first time a class of states that are UD by their RDMs under the assumption that the global state is pure, but fail to be UD in the absence of that assumption. This discovery allows us to classify quantum states according to their UD properties, with the requirement that each class be treated distinctly in the practice of simplifying quantum state tomography. Additionally we experimentally test the feasibility and stability of performing quantum state tomography via the measurement of local RDMs for each class. These theoretical and experimental results advance the project of performing efficient and accurate quantum state tomography in practice.
Quantum state tomography via local measurements is an efficient tool for characterizing quantum states. However it requires that the original global state be uniquely determined (UD) by its local reduced density matrices (RDMs). In this work we demonstrate for the first time a class of states that are UD by their RDMs under the assumption that the global state is pure, but fail to be UD in the absence of that assumption. This discovery allows us to classify quantum states according to their UD properties, with the requirement that each class be treated distinctly in the practice of simplifying quantum state tomography. Additionally we experimentally test the feasibility and stability of performing quantum state tomography via the measurement of local RDMs for each class. These theoretical and experimental results advance the project of performing efficient and accurate quantum state tomography in practice.
Introduction-Quantum state tomography (QST) is one of the most famous double-edged swords in quantum information science. On the one hand, QST provides a complete description of an arbitrary quantum state, which is important in benchmarking and validating quantum devices [1] [2] [3] [4] [5] . On the other hand, the exponential resources QST requires make scaling it to large systems infeasible in practice. In the past decade, tremendous effort has been devoted to boosting the efficiency of QST [6] [7] [8] [9] [10] [11] [12] [13] . Among them, QST via reduced density matrices (RDMs) [14] [15] [16] [17] [18] [19] has been one especially promising approach, as many experimental setups are able to perform local measurements conveniently and accurately. One criterion for adopting this approach is that the global state has to be the only state which is compatible with its RDMs, that is, it must be uniquely determined (UD) by its RDMs.
The UD criterion can be further classified into two categories: uniquely determined among all states (UDA) and uniquely determined among pure states (UDP) by local RDMs 1 . The ground states of many physically realistic quantum systems usually belong to the UDA category. These systems involve only few-body interactions [21] , and possess ground states which exhibit special properties [22] [23] [24] [25] . To reconstruct states of this type, experimentalists need only measure RDMs and search for the global state which is compatible with these RDMs. This saves an exponential number of measurements [26] .
In the case of states which satisfy the UDP criterion, two assumptions must be made if one wishes to reconstruct such states via RDMs. First, the experimentally prepared states must be (nearly) pure. Second, the search space of possible reconstructions must be limited to pure states, otherwise the searching procedure may return incorrect mixed states with the same RDMs. Despite these assumptions, searching for UDP states has the advantage of significantly reducing the number of search parameters, since the searching procedure is restricted in the pure state space. Traditionally this has been the approach for dealing with many related problems, for instance, the famous Pauli problem, which asks whether the probability distribution of position and momentum is enough to determine the wave function [27, 28] .
Obviously, UDA implies UDP. One notable hypothesis is that UDP also implies UDA [17] , deriving from the fact that UDP implies UDA in 3-qubit systems [14] . It is then natural to ask whether this hypothesis is true in general. If the answer is yes, it would permit experimentalists to preserve the substantially fewer searching parameters even when dealing with the UDA category.
Unfortunately, the validity of this hypothesis becomes a mystery in the study of QST (see appendix A [20] for more historical researches). To date, no systematic method has been proposed to verify this hypothesis, except concrete examples [19, 29] . To comprehensively understand this problem, it is instructive to think about the geometric picture illustrated in Fig. 1 . Figure 1(a) is a more familiar shape of state space (e.g. the Bloch sphere) for which UDP implies UDA. However, in higher dimensional state spaces, regions could possibly look like Fig. 1(b) , where some points can be UDP but not UDA.
In this work we disprove the above hypothesis by showing that UDP does not always imply UDA. In particular, we present a class of 4-qubit states that are UDP by their twoparticle RDMs (2-RDMs), but fail to be UDA. This is the first separation between UDA and UDP in the setting of RDMs. Our construction is based on the studys of 4-qubit symmetric (i.e. bosonic) states. Note that the properties of bosonic states have recently been extensively studied theoretically [30] [31] [32] and experimentally [33, 34] due to their significant roles in characterizing cold atomic systems. To illustrate the validity of our construction, we experimentally demonstrate the reconstruction of a series of 4-qubit states by measuring their 2-RDMs. We examine the differences among states that are: A) Neither UDP nor UDA; B) UDP and UDA; C) UDP but not UDA. We test the robustness (stability) against experimental errors of our construction.
(a) (b) Figure 1 . Three-dimensional caricatures of the possible shapes of state space, and the space of reduced density matrices as projections. Pure states are given by the extreme points. (a) A sphere, for which all boundary points are extreme points. Only the points on the boundary of the projected circle have a unique preimage in the state space, and so are UDA. All the interior points have multiple extreme points in their preimage, so they are not UDP. Thus UDP implies UDA. (b) A polytope, for which the five vertices are extreme points. The four corner points have a unique preimage in the state space, and so are UDA. However, one interior point located at the centre has multiple preimages where only one is an extreme point, so it is UDP but not UDA.
Three classes-We classify 4-qubit pure states into three classes according to how they are UD by their 2-RDMs, and present some examples for each class.
Class A: neither UDP nor UDA. Consider the GHZ-type state α|0000 + β|1111 , whose 2-RDMs are
It is not UDP (thus not UDA) since any pure state α|0000 + e iφ β|1111 or mixed state |α| 2 |0000 0000| + |β| 2 |1111 1111| has the same 2-RDMs. Therefore, to reconstruct 4-qubit GHZ-type states experimentally, it is insufficient to only measure its 2-RDMs, even if assuming the prepared state is pure.
Class B: UDP and UDA. The W-type state
is known to be UDA [35] , and also UDP. Unlike the GHZ-type state, to reconstruct the global state, one needs only know its 2-RDMs.
Class C: UDP but not UDA. Existence of this type of states is the main theoretical results of this paper. Up until now, no such states are known. This is likely due to the fact that analytically determining the uniqueness properties of quantum states is notoriously difficult in general.
The outline of our approach is as follows. We focus on the 4-qubit bosonic (symmetric) state |ψ S = 4 j=0 c j |w j , where the normalized state |w j is defined to be proportional to P sym |0 ⊗j ⊗ |1 ⊗4−j with P sym being the projection onto the 4-qubit symmetric subspace. This symmetry assumption significantly simplifies the analysis since all the 2-RDMs are the same. To further simplify the analysis, we assume c 1 = c 3 = 0 and c 0 , c 2 and c 4 are all real:
To determine the parameter regions of c 0 , c 2 , c 4 where |ψ S is UDP but not UDA, we take three steps:
Step 1. First we prove that there is no other pure bosonic state which has the same 2-RDMs as |ψ S when |ψ S 's 2-RDMs have three distinct non-zero eigenvalues.
Step 2. Next we observe that any pure bosonic state which is uniquely determined among all other pure bosonic states is also UDP.
Step 3. Finally we provide the region where the 2-RDMs of |ψ S are separable. |ψ S is guaranteed not to be UDA in this region. Therefore, within this parameter region, |ψ S is UDP but not UDA as long as its 2-RDMs are non-degenerate and not rank one.
We direct the reader to appendix B for steps 1 and 2, and appendix C for step 3 [20] .
Experiment-We experimentally inspect all three classes of state using nuclear magnetic resonance (NMR), and test their stability against experimental noise. The 4-qubit sample is 13 C-labeled trans-crotonic acid dissolved in d6-acetone. The structure of the molecule is shown in Fig. 2 , where C 1 to C 4 denote the four qubits. The methyl group M, H 1 and H 2 were decoupled throughout all experiments. The internal Hamiltonian under weak coupling approximation is
where ν j is the chemical shift and J jk is the J-coupling strength. All experiments were carried out on a Bruker DRX 700MHz spectrometer at room temperature. The experiments are divided into three steps: (i) prepare the initial state |0000 ; (ii) evolve |0000 to the desired state in each class; (iii) measure the final state by full QST and 2-RDMs, reconstruct the original state via the measured 2-RDMs, and compare it with the full QST result. We describe each step briefly as follows. For more experimental details, see appendices E and F [20] .
(i) In the majority of experiments in quantum information, |0
⊗n is chosen as the input state. In NMR we instead generate a so-called pseudo-pure state (PPS) from the thermal equilibrium state via the spatial averaging technique [36] [37] [38] . The form of 4-qubit PPS is ρ 0000 = (1 − )I/16 + |0000 0000|, where I is identity and ≈ 10 −5 is the polarization. Only the deviated part |0000 contributes to the NMR signals and the PPS is able to serve as an input state.
(ii) The next step is to create the desired states of the different UD classes. The radio-frequency (RF) pulses during this procedure are optimized by the gradient ascent pulse engineering (GRAPE) algorithm [39, 40] , and are designed to be robust to the static field distributions (T * 2 process) and RF inhomogeneity. The designed fidelity for each pulse exceeds 0.99, and all pulses are corrected via a feedback-control setup in the NMR spectrometer to minimize the discrepancies between the ideal and implemented pulses [41, 42] .
Class A: States belonging to this class are neither UDP nor UDA by their 2-RDMs. The following states are in class A
and ρ G + and ρ G − are the density matrices of |GHZ + and |GHZ − , respectively. All of these states have the same 2-RDMs, which means that the 2-RDMs are not sufficient to reconstruct these states. To verify this, we first need to prepare each state in Eq. (5) from |0000 . For ρ G + , qubit 1 firstly undergoes a rotation around y-axis that R y (θ) = e −iθσy/2 with θ = 2 arccos(α). Then three controlled-NOT (CNOT) gates CNOT 12 , CNOT 13 and CNOT 14 are applied consecutively, where qubit 1 is the control and others are targets. The single-qubit rotation R y (θ) is realized by a 1 ms GRAPE pulse and the 3 CNOT gates are realized by a 30 ms GRAPE pulse. We can similarly construct ρ G − by instead employing a single-qubit rotation of R y (−θ) = e iθσy/2 . For ρ G mix , we simply prepare a classical distribution of two pure states |0000 and |1111 . In these experiments we prepare nine distinct states by varying α from 0.1 to 0.9 with 0.1 increment.
Class B: States belonging to this class are both UDP and UDA, with the W-type state in Eq. (2) being a typical example. In experiment, we simply set a = b and c = d, and then prepare six inputs |W by changing a from 0.1 to 0.6 with 0.1 increment. This state preparation is directly realized by a state-to-state GRAPE pulse with a duration of 20 ms.
Class C: States belonging to this class are UDP but not UDA. The type of state we prepare, |ψ S is described in Eq. (3) and conforms to the following parametrization
where we fix θ = π/12 and choose t from π/6 + π/18 to 5π/6 − π/18, and increment by π/18. With the exception of the point t = π/2 this curve lies within the region of states that are UDP but not UDA, as outlined in appendices A and B. All these states are prepared by state-to-state GRAPE pulses with a fixed duration of 20 ms. In order to demonstrate that these states are UDA we also prepare corresponding mixed states with the same 2-RDMs as outlined in appendix D [20] .
(iii) After preparing these states, we perform 4-qubit QST [43, 44] , which includes measuring the 2-RDMs. To determine the original 4-qubit state, a maximum likelihood approach [45] is adopted to reconstruct the most likely state based on the measured 2-RDMs.
Results-Now we discuss the effectiveness and stability of QST via 2-RDMs for each class of states. Class A: In Fig. 3(a) , it is clear that any two of ρ G + , ρ G − and ρ G mix have completely different fidelities in the 4-qubit form (blue and yellow), but they share the same 2-RDMs up to minor experimental errors (red and green). Therefore these states are neither UDP nor UDA, and it is insufficient to rely only on their 2-RDMs for QST.
Class B: The W-type state in Eq. (2) is known to be UDA. In Fig. 4(a) , the blue triangles represent the fidelities F (ρ For every tested W-type state, the worst fidelity is still about 97% as shown by the triangles in Fig. 4(a) . This indicates that the 2-RDMs are indeed sufficient for the reconstruction of the original 4-qubit state.
However, under realistic experimental conditions, the prepared state ρ W qst unavoidably deviates from the desired state. This may drive it outside the UDA region, so that it is no longer UDA. To test if this is the case, we simulate different outputs of 2-RDMs by adding Gaussian distributed noise and repeating the reconstruction of the 4-qubit state via the 2-RDMs, as outlined in appendix F [20] . From the yellow bars in Fig. 4(a) it can be seen that even with artificial noise, QST via 2-RDMs is stable, since the fidelity is always over 0.95.
Class C: This class is UDP, which means we do not have any other pure state that gives the same 2-RDMs other than the target state. However, it is not UDA, so there do exist some mixed state (see appendix D [20] ) with the same 2-RDMs. Fig. 3(b) illustrates such results. Both in theory and experiment, we see that the target state |ψ S and a corresponding mixed state have low fidelity with one another (yellow), but the same 2-RDMs (blue). Therefore, when reconstructing this type of 4-qubit state via its 2-RDMs, we need to assume that the original state is pure. Otherwise it is likely to obtain some mixed state which will not necessarily be the true state of the system.
Similarly to the W-type state, we test whether the UDP property of |ψ S is stable against noise. As seen in Fig. 4(b) , even under the application of Gaussian noise, as long as we assume our state is pure we can always reconstruct the correct 4-qubit state with high fidelity (>0.90) using only its 2-RDMs.
Conclusion-In summary, we disprove the hypothesis that UDP implies UDA for RDMs [17] by demonstrating the existence of a family of 4-qubit states that are UDP but not UDA by their 2-RDMs. This new finding allows us to classify pure states into three classes according to their UD properties, in order to improve the efficiency of QST: in Class A where the state is neither UDP nor UDA, full QST is necessary; in Class B where the state is UDP and UDA, the measurement of 2-RDMs is sufficient to determine the global state; in Class C where the state is UDP but not UDA, the measurement of 2-RDMs combined with the assumption that the global state is pure is sufficient. This approach simplifies QST significantly, since a full QST of n qubits requires 4 n − 1 observables while 2-RDM measurement requires n 1 × 3 + n 2 × 9 observables (all weight-1 and weight-2 Pauli operators) only.
We check the feasibility of this protocol for each class with a 4-qubit NMR quantum processor. The results indicate that for Classes B and C it is not necessary to implement the full QST-2-RDMs already enables the reproduction of the global state with high fidelities. As there are always experimental errors, we also demonstrate the stabilities of this protocol, namely, whether it is robust against experimental noise. The results reveal that the approach of doing QST solely via the measurement of 2-RDMs is robust to the noise under our experimental conditions, and hopefully behaves the same in other experimental platforms.
In this appendix, we go through a brief history of the UDP vs UDA problem.
If a pure state |ψ is UDA then there do not exist any states, pure or mixed, having the same RDMs as |ψ , thus the set of states which are UDP (S U DP ) are a subset of the set of states which are UDA (S U DA ). We can also define S U Dk to be the set of states which are uniquely determined among states with rank no more than k. We therefore have the hierarchy
where n is the dimension of the whole system. It is not clear when this hierarchy collapses. If any of these inclusions turned out to be strict it would follow that S U DA = S U DP , which would intuitively seem to be the case.
However, in [14] , it was demonstrated that all three qubit pure states are UDA except for the GHZ type state a|000 + b|111 . Clearly, any states of the form ae iθ1 |000 +be iθ2 |111 have the same 2-RDMs, and so are not UDP. In other words, for three qubit system, if a state is not UDA by its 2-RDMs, then neither is it UDP. This observation leads us to the conclusion that UDP implies UDA in three-qubit system. Furthermore, in [15, 46] , it was proved that generic N -party pure quantum states are UDA by the RDMs of just over half the parties. Unfortunately it is difficult to characterize all the non-UDA states, save for some well-known exceptions. For example, the N -party GHZ states |0 ⊗N + e iθ |1 ⊗N , which are not UDP.
All of these facts suggest that perhaps UDP does imply UDA for general multipartite systems. For example Ref. [19] gives an extensively study of the relationship between UDA and UDP in a more general setting, where RDMs are replaced by general observables. There it has been proved that under some restriction of the observables, UDP implies UDA.
In [11, 12, 19] , the relations between S U Dk and S U DA are studied, but with different notations and in a different setting. Instead of RDMs, general POVM measurements are allowed, and they are mainly focus on the structures of measurements by which all states with rank ≤ k are S U Dk or S U DA , respectively.
Appendix B:Proof of UDP
In this appendix, we deal with steps (1) and (2) by constructing a class of four-qubit UDP symmetric pure states.
First we show that almost all 4 qubit pure symmetric states of the form:
for c i ∈ R are UDP by their 2-RDMs, where |w j is the normalized state that is proportional to P sym |0 ⊗j ⊗ |1
⊗4−j with P sym being the projection onto the 4-qubit symmetric subspace.
Consider the Schmidt decomposition of |ψ S between the 1,2 and 3,4 Hilbert spaces. Note that it is symmetric under the exchange of the 1,2 and 3,4 Hilbert spaces, it is straightforward to see that if there is no degeneracy in the Schmidt coefficients then the Schmidt decomposition must take this form:
where λ i = λ j for i = j. We assume there is another symmetric pure state |φ S = b i |w i which has the same 2-RDMS of |ψ S . That is,
with tr 2 denoting operator tracing out two qubit subsystems. One can observe that for |φ S to be distinct there must exist non-trivial phases e iθj such that
Note that |µ i must be symmetric under the exchange of particles 1 and 2, and so can be expanded into a symmetric basis:
where |s 0 = |00
Expanding equations 7 and 8 in terms of equation 9 gives the following expressions:
where δ ij is Kronecker symbol. Any symmetric state |ψ S must satisfy the following equality: 
Applying S 23 to |ψ S : By examining the Schmidt decomposition of |ψ S , we note that |s 1 is an eigenvector of the 2-RDM of |ψ S . Without loss of generality, we assume |µ 1 = |s 1 . This implies A 11 = √ λ 1 , and up to a global phase B 11 = √ λ 1 . Therefore A 02 = B 02 , or in expanded form: Since finding the Schmidt decomposition for |ψ S is equivalent to solving the eigensystem of a real symmetric matrix, as long as λ 2 = λ 3 we are free to let α j i and λ j be real without loss of generality. This rules out case (III).
According to |µ 1 = |s 1 , we know that:
Using the fact that these two vectors are real and orthonormal, it is straightforward to show that |α Therefore as long as λ 2 = λ 3 equation 11 has a single solution: e iθ2 = e iθ3 = 1, then |φ S = |ψ S . That is, |ψ S is uniquely determined by its 2-RDMS among all symmetric pure states |φ S .
In the following, we show the validity of step (2) , that is, any pure state which is uniquely determined among all symmetric pure states is also uniquely determined among all pure states (UDP).
Suppose any two local states ρ i,j of multipartite state ρ 1,2,··· ,n lives in the bipartite symmetric space. Then we can conclude that ρ 1,2,···n must live in the n partite symmetric space. To see this, we notice that Q i,j ρ i,j = 0 for all 1 ≤ i < j ≤ r with Q i,j being the projection onto the antisymmetric subspace of the Hilbert space of particles i, j. Then, we have Q i,j ρ 1,2,··· ,n = 0 for all 1 ≤ i < j ≤ n. Therefore, S i,j ρ 1,2,··· ,n = ρ 1,2,··· ,n for all 1 ≤ i < j ≤ n with S i,j being the SWAP operator of the particles i, j.
That completes the proof that all pure symmetric states of the form 6 are UDP save for those states whose 2-RDMs are degenerate.
Appendix C: Proof of not UDA
Here we perform step (3), determining the regime where |ψ S is not UDA. We observe that if the 2-RDM ρ 2 of |ψ S is separable, then it can be expressed as ρ 2 = i p i α
⊗2
i . Then we can construct a state ρ 4 = i p i α ⊗4 i which has the same 2 particle reduced density matrices as |ψ S . Therefore, if |ψ S has a separable 2-RDM whose rank is not 1, then it is not uniquely determined among all quantum states by its 2-RDMS(2-UDA). A 2 qubit state is separable if it has a positive partial transpose (PPT) [47] . Direct calculation shows that a 2-RDM of |ψ is PPT when 
The results of appendices A and B are summarized in Fig. 6 where we have illustrated a regime where the state |ψ S is uniquely determined among all pure states by its 2-RDMS(2-UDP) but not 2-UDA. Given that we are considering a unit length vector of three real parameters (c 0 , c 2 ,c 4 ), we can map our parameter space to the surface of a sphere. The green region illustrates the domain where the 2-RDMs of |ψ S are separable, and thus |ψ S is not 2-UDA. The red curves indicate where |ψ S fails to be 2-UDP. Thus the green domain not intersecting the red curves is where |ψ S is 2-UDP but not 2-UDA. In experimentally reproducing these states, we should like to have a one-parameter family of curves well within the 2-UDP but not 2-UDA states. The family we consider in this paper is illustrated by the blue curve.
Information-theoretically, if we do not assume that the state compatible with the 2-RDMs is pure, then the best possible inference of the state is the one of maximum entropy compatible with the 2-RDMs. Such a state is unique. To compute what such a state theoretically should be we employ a variational algorithm. The state of maximum entropy compatible with the 2-RDMs ρ * should live on the set of thermal states given by
, where H is a Hermitian trace zero operator which acts only 2-locally. This set can be searched by starting with a guess state given by the maximally mixed state, and then iteratively updating our guess by minimizing the HilbertSchmidt distance from some state (1 − α)1/d + α|ψ S ψ S | where at each iteration α approaches 1. 2-RDMs. |GHZ + and |GHZ − are prepared by GRAPE pulses after a the PPS preparation. For ρ G mix , we create two components |0000 and |1111 respectively, and add them classically. The 4-qubit fidelities between all prepared states and the theoretical states are illustrated in Fig. 7 , with all fidelities defined by F (ρ, σ) = |T r(ρσ)|/ T r(ρ 2 ) T r(σ 2 ). Secondly, we prepare the following states,
where we choose a = b and c = d, and vary a from 0.1 to 0.6 with 0.1 increment. Fig. 8 shows six 4-qubit fidelities between all prepared states |W and the theoretical ones. We fix θ = π/12 and choose t from π/6 + π/18 to 5π/6 − π/18 with step size π/18 except the t = π/2 point. Experimentally, total ten input states ρ C pure = |ψ S ψ S | were created. Meanwhile, we prepared a mixed state ρ C mix which has the same 2-RDMs. ρ C mix = i p i α i α i α i α i , where α i is single-qubit density matrix and p i is the corresponding amplitude (details in Appendix C). For each ρ C mix , four more separable states α i α i α i α i (i = 1, 2, 3, 4) excluding the |0000 and |1111 are necessary to be created. Hence, in total 40 separable states are prepared experimentally. The fidelities of these 40 separable states are illustrated in Fig. 9 . In experiments, we respectively create each component α i α i α i α i , and then summarize over all components according to the coefficient p i to realize the mixed state ρ C mix . Fig. 10 shows the fidelities for prepared ρ C pure and ρ G mix .
Appendix F: Add of Gaussian distributed noise
In our experiment, the actual results deviate from the desired states due to some errors, such as the imperfections of GRAPE pulse, and the decoherence effect. In order to estimate the influence of the potential errors on existing experimental results, it is necessary to mimic the noise artificially according to the experimental errors. Now we introduce the method of adding Gaussian distributed noise in this experi- ment. For a 4-qubit state ρ, it can be expanded by Pauli basis.
where σ 1 , σ 2 , σ 3 and σ 4 ∈ I, X, Y, Z, and M i is the expectation value of B i . In experiment, ρ changes to ρ due to the errors:
where e i is some error value originated from the experimental noise. In this experiment, the error model of e i can be described as
where P i is a Gaussian distribution of e i , and d = 16 for a 4-qubit system. The error percentage c equals to about 11% based on the estimation of our experimental noise. This model represents a random Gaussian distribution with zero mean and 99% confidence.
